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In this paper, we investigate the first and second order cosmological perturbations in the light
mass Galileon (LMG) scenario. LMG action includes cubic Galileon term along with the standard
kinetic term and a potential which is added phenomenologically to achieve late time acceleration.
The scalar field is nonminimally coupled to matter in the Einstein frame. Integral solutions of
growing and decaying modes are obtained. The effect of the conformal coupling constant (β), at
the perturbation level, has been studied. In this regard, we have studied linear power spectrum
and bispectrum. Though different values of β has different effects on power spectrum on reduced
bispectrum the effect is not significant. It has been found that the redshift-space distortions (RSD)
data can be very useful to constrain β. In this study we consider potentials which can lead to tracker
behavior of the scalar field.
PACS numbers: 98.80.-k, 95.36.+x, 04.50.Kd
I. INTRODUCTION
Recent cosmological observations [1–3] unveil that our
present Universe is expanding with an acceleration which
is known as late time acceleration. At present, there is
no proper theoretical explanation of it but one can have
negative pressure, responsible for late time acceleration,
from some exotic fluid known as dark energy [4–7]. Cos-
mological constant (Λ) is the simplest candidate of dark
energy and also consistent with all the cosmological ob-
servations. However, it is plagued with the fine tuning
problem and cosmic coincidence problem. While the first
problem is due to the small measured value compared to
the theoretical value, the later problem asks the question
why dark energy has become important only now?
Scalar fields can also behave like dark energy, known
as quintessence field [8–10], with variable equation of
state but mimicking cosmological constant during late
time. Though this can not solve the fine tuning prob-
lem it can solve the cosmic coincidence problem for some
specific scenarios known as tracker models [11, 12]. In
this scenario the scalar field energy density tracks the
background energy density in the past and takes over
matter during the recent past. The late time solution
is an attractor solution for a wide range of initial condi-
tion. There are another class of models known as thawing
models [13, 14] in which the scalar field behaves as a cos-
mological constant in the past and starts evolving from
recent past. Late time acceleration is transient in this
scenario.
It is also possible to explain late time acceleration with-
out invoking any exotic component but modifying grav-
ity known as modified theories of gravity (MOG) [15–23].
MOG generally possess an extra degree of freedom which
can have effect in local physics. But local physics is ex-
tremely constraint from observation and well explained
∗ wali.hossain@apctp.org
by Einstein’s general theory of relativity. So one need
to hide this extra degree of freedom to make the the-
ory consistent for short distances too. One of the hid-
ing or screening mechanisms is chameleon mechanism
[24, 25]. It works for scalar fields which are nonmini-
mally coupled to matter in Einstein frame and their ef-
fective mass depends on the local density. This mech-
anism can be implemented in many MOG like scalar-
tensor theories [15] and F (R) theories [23]. Similar to
chameleon mechanism symmetron mechanism [26] also
works for massive scalar fields but in symmetron mecha-
nism, instead of the effective mass of the scalar field, the
vacuum expectation value (VEV) of the scalar field de-
pends on the local density. While the chameleon and
symmetron mechanisms work for massive scalar fields
for massless scalar fields the screening mechanism is
known as Vainshtein mechanism [27] proposed by A.I.
Vainshtein in 1972 to circumvent the van Dam-Veltman-
Zakharov (vDVZ) discontinuity problem [28, 29] in the
linear theory massive gravity proposed by Pauli and Fierz
in 1939 [30]. Later this mechanism is implemented in
many MOG e.g., Dvali-Gabadadze-Porrati (DGP) the-
ory [18], de Rham-Gabadadze-Tolley (dRGT) nonlinear
massive gravity theory [21] and Galileon theories [19].
Galileon is a scalar field appears in the decoupling
limit of DGP action [31, 32]. In Minkowskian back-
ground the Galileon action respects the shift symmetry
φ→ φ+bµxµ+c, where bµ and c are constants. The shift
symmetry makes the equation of motion of the Galileon
field second order [19] and free from Ostrogradsky ghosts
[33] though the action contains higher derivative terms.
Covariant form of the Galileon action was obtained in
Ref. [34] and it was shown that the equation of motion
is still second order but the Galileon field is nonmini-
mally coupled to curvature. Galileon theory can be a
good alternative to dark energy which can produce late
time acceleration [35–47]. Inflationary scenario, in the
Galileon theory, has also been studied [48–52].
The decoupling limit of DGP action gives rise to cubic
Galileon action of the form (∂µφ)
2φ [31, 32]. This term
2has some beautiful properties. On one hand, because
of the shift symmetry, mentioned earlier, it gives second
order equation of motion and on the other hand its non-
linear term is responsible for the Vainshtein effect which
preserves the local physics by screening the Galileon field
locally within a radius known as Vainshtein radius [19].
Apart from this cubic Galileon term the Galileon La-
grangian has a linear term in φ, standard kinetic term
and two other higher derivative terms [19, 34]. Galileon
action can be realized as a particular form of Horndeski
action [53], the most general scalar tensor theory. It is
shown in Ref. [39] that cubic Galileon theory (without
linear potential term) can not give stable late time de
Sitter solution without invoking at least one more higher
derivative term. In order to get viable cosmology with
the simplest Galileon correction i.e., the cubic Galileon
term, in Refs. [54, 55] a potential term has been consid-
ered phenomenologically which breaks the shift symme-
try of the action but gives late time acceleration [54, 55].
The nonlinear cubic Galileon term is still responsible for
the Vainshtein mechanism [54]. Because of the potential
and the requirements of late time cosmology the Galileon
field will have a tiny mass and is dubbed as light mass
Galileon. Background cosmology in LMG was studied
for several potentials in Refs. [54, 55].
Though the MOG can reproduce similar background
evolution as ΛCDM it can leave some distinguished fea-
tures at the perturbation level. In this paper we are
interested to carry out first order and second order cos-
mological perturbations in LMG. At the linear level of
perturbation we shall study the linear growth and the
power spectrum. We shall calculate the integral so-
lutions of the growing and decaying modes by follow-
ing the method depicted in Ref. [56] (for other works
on cosmological perturbation and structure formation
in MOG see Refs. [57–66]). In this work we generalize
some results obtained in Ref. [56] for nonminimal case
with any potential. We would also compare the model
with the redshift-space distortions (RSD) data [67–82].
RSD data can be very useful for constraining MOG [83–
89]. At the level of second order perturbation we shall
study the matter bispectrum in LMG. Though observa-
tions on cosmic microwave background [90] indicate that
there is no non-Gaussianity in the primordial fluctuations
non-Gaussianity can be generated during late time mat-
ter fluctuations even though the initial fluctuations are
Gaussian. This is because of the nonlinearities in the
fluid equations. Linear theory of matter perturbation
breaks for k > 0.1hMpc−1 and nonlinear effects become
important (for review on nonlinear cosmological pertur-
bation see Ref. [91]). First higher order statistical quan-
tity to measure nonlinear effects is the bispectrum. In
this paper we are interested to see the evolution of the
late time non-Gaussianity or matter bispectrum in LMG.
The structure of this paper is as follows. In Sec. II
we describe the LMG scenario and in Sec. III we study
the background dynamics. In Sec. IV we study cosmo-
logical perturbation. The analysis of linear and second
order perturbation are shown in SubSecs. IVA and IVB
respectively. The results in terms of power spectrum and
reduced bispectrum are given in the Sec. V. The compar-
ison of the scenario under consideration with the RSD
data is also shown in the same section. Finally we sum-
marize our results in Sec. VI.
II. LIGHT MASS GALILEON
We shall consider the following action in the Einstein
frame [54, 55]
S =
∫
d4x
√−g
[M2Pl
2
R− 1
2
(∇φ)2
(
1 +
α
M3
φ
)
− V (φ)
]
+ S
[
ψ;ϑ2(φ)gµν
]
, (1)
where MPl = 1/
√
8πG is the reduced Planck mass, M
is an energy scale, α is a dimensionless constant and
V is the potential for the field. ϑ(φ) is the confor-
mal factor which relates the Jordan frame metric (g
(J)
µν )
with the Einstein frame metric (gµν) through the rela-
tion g
(J)
µν = ϑ2(φ)gµν . For equivalence of this two frames,
see Refs. [92–94]. Presence of the nonminimal coupling
modifies the continuity equations of the different compo-
nent of the Universe such a way so that the total energy
density is still conserved. Action (1) corresponds to the
coupled quintessence [95] with a Galileon like correction
(∇φ)2φ.
Variation of the action (1) with respect to (w.r.t.) the
metric gµν gives Einstein equation
M2PlGµν = T(m)µν + T(r)µν + T(φ)µν , (2)
where
T(φ)µν =φ;µφ;ν −
1
2
gµν(∇φ)2 − gµνV (φ)
+
α
M3
[
φ,µφ;νφ+ gµνφ;λφ
;λρφ;ρ
− φ;ρ (φ;µφ;νρ + φ;νφ;µρ)
]
, (3)
and variation w.r.t. the scalar field φ gives the equation
of motion of the LMG
φ+
α
M3
[
(φ)2 − φ;µνφ;µν −Rµνφ;µφ;ν
]
− V ′(φ)
=
ϑ′(φ)
ϑ(φ)
T (m) = −β(φ)
MPl
T (m) , (4)
where ′ denotes the derivative w.r.t. φ and
β(φ) = −MPlϑ
′(φ)
ϑ(φ)
(5)
is the conformal coupling. Though we have started with
a general form of β, later, for simplicity, we shall consider
constant β for which the conformal factor is exponential.
Subscripts m, r and φ in Eq. (2) and for the rest of
the paper represent matter, radiation and the scalar field
3III. BACKGROUND COSMOLOGY
Let us consider the spatially flat Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) metric in conformal time τ
ds2 = a(τ)2
[
− dτ2 + d~x2
]
, (6)
In which the Friedmann equations take the form
3M2PlH2
a2
= ρm + ρr + ρφ , (7)
M2Pl
a2
(2H˙+H2) = −ρr
3
− pφ , (8)
and the equation of motion of the LMG is given by
φ¨+ 2Hφ˙− 3α
M3a2
φ˙
(
2Hφ¨+ H˙φ˙
)
+ a2V ′(φ)
= −β(φ)
MPl
a2ρm , (9)
where H is the conformal Hubble parameter and a dot
represents derivative w.r.t. the conformal time τ , a con-
vention which we shall follow for the rest of the paper.
Hubble parameter tells us about the expansion history of
the Universe. Using the Hubble parameter the effective
equation of state (EoS) of the Universe can be written as
weff = −1
3
(
1 + 2
H˙
H2
)
=
pm + pr + pφ
ρm + ρr + ρφ
, (10)
ρ’s and p’s represent energy density and pressure respec-
tively and
ρφ =
φ˙2
2a2
(
1− 6α
M3a2
Hφ˙
)
+ V (φ) (11)
pφ =
φ˙2
2a2
(
1 +
2α
M3a2
(
φ¨−Hφ˙
))
− V (φ) . (12)
Last two equations give us the EoS parameter for the
scalar field
wφ =
pφ
ρφ
. (13)
As mentioned earlier the conservation equation for
matter gets modified due to the presence of nonminimal
coupling but for radiation there is no modifications as
the scalar field couples with the trace of the energy mo-
mentum tensor of the component. So the conservation
equations are given by
ρ˙m + 3Hρm = β(φ)
MPl
φ˙ρm , (14)
ρ˙r + 4Hρr = 0 , (15)
ρ˙φ + 3Hρφ(1 + wφ) = −β(φ)
MPl
φ˙ρm . (16)
From the last three equations it is clear that the total
energy density ρtot = ρm + ρr + ρφ follows the standard
evolution equation.
In this paper we consider potentials which can lead to
tracker behavior of the scalar field. Not all potentials can
give rise to tracker behavior. Potentials with steep region
followed by a shallow region are suitable for tracker like
dynamics. Considering this the following two potentials
[96, 97] are suitable for our analysis
V (φ) = V0
[
e
−
µ1φ
MPl + e
−
µ2φ
MPl
]
, (17)
and
V (φ) = V0
[
cosh
(
ζφ
MPl
)
− 1
]m
, (18)
where µ1, µ2, ζ and m are constants. V0 fixes the energy
scale of dark energy. These two potentials can give rise
to tracker dynamics with late time acceleration. In po-
tential (17) the change of slope is responsible for the slow
roll of the scalar field during late time when µ1 and µ2
have same sign. If there is a relative sign between these
two parameters then the late time dynamics of the scalar
field may be oscillatory. For potential (18) late time dy-
namics is always oscillatory as long as m > 0. Late time
acceleration can be achieved for small (< 1) values of m.
Smaller the value of m makes the dynamics closer to the
de Sitter solution. In the LMG scenario, potentials (17)
and (18) have been studied in Ref. [54]. In this work, for
numerical purpose, we shall consider the potential (17).
In Fig. 1 we show the background evolution in LMG.
The upper figure of Fig. 1 represents the evolution of
the energy densities of different components of the Uni-
verse. It shows the tracker behavior of the scalar field.
The scalar field tracks the background until recent past
before it takes over matter and starts dominating. The
Universe evolves through radiation and matter domina-
tion to scalar field domination giving rise to late time ac-
celeration. The lower figure of Fig. 1 shows the evolution
of the effective EoS (10) and the scalar field EoS (13).
We can see that the scalar field EoS is close to −1 dur-
ing recent time. The evolution of the whole Universe is
represented by the effective EoS.
IV. COSMOLOGICAL PERTURBATION
In this section we shall discuss the linear and second
order cosmological perturbations in LMG. We consider
the following metric in the Newtonian gauge
ds2 = a(τ)2
[
− (1 + 2Φ)dτ2 + (1− 2Ψ)d~x2
]
, (19)
where Φ and Ψ are the scalar perturbations of the metric
and are same as the gauge invariant Bardeen’s potentials
in this gauge [98].
In this work, our aim is to calculate up to second order
perturbation and we shall do order by order perturbation
calculations. For this purpose one needs to expand any
perturbation in series as shown below
Φ = Φ1 +
1
2!
Φ2 +
1
3!
Φ3 + · · · , (20)
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FIG. 1. Upper: Green (dotted), blue (dashed) and red
(solid) lines represent evolution of the energy density of mat-
ter, radiation and scalar field respectively. ρc0 is the present
critical density of the Universe. Lower: Evolution of EoSs
are shown. Red (solid) line represents scalar field EoS and
green (dotted) line represents effective EoS. Both of the plots
are for potential (17) with µ1 = 20, µ2 = 0.1 and β = 0.01.
Ψ = Ψ1 +
1
2!
Ψ2 +
1
3!
Ψ3 + · · · , (21)
where the subscripts 1, 2, 3 etc. represent the order
of perturbation. To see the matter bispectrum we shall
consider up to second order perturbation.
The fluid four velocity uµ satisfies the relation uµuµ =
−1, which gives us the components of the velocity per-
turbation δuµ (up to second order)
δu0 =
1
a(τ)
(
−Φ1 − 1
2
Φ2 +
3
2
Φ21 +
1
2
υ1iυ
i
1
)
, (22)
δui =
1
a(τ)
(
υi1 +
1
2
υi2
)
, (23)
where υi is the spatial three velocity of the fluid.
In the following subsections we discuss linear and sec-
ond order cosmological perturbations in LMG. First we
perform the linear perturbation theory and calculate the
integral solutions for the growing and decaying modes.
Then using those solutions and doing second order per-
turbation we calculate the matter bispectrum.
A. Linear perturbation
Linear perturbation in the energy momentum tensor
of the LMG field gives
δT
(φ)0
(1) 0 = −
1
a2
[
φ˙
(
1− 9α
M3a2
Hφ˙
)
˙δφ1 + a
2V ′(φ)δφ1
+
φ˙2α
a2M3
∇2δφ1 − φ˙2
(
1− 12α
M3a2
Hφ˙
)
Φ1
+
3α
M3a2
φ˙3Ψ˙1
]
(24)
δT
(φ)0
(1) i =
φ˙
a2
∂i
[
α
M3a2
φ˙ ˙δφ1 + δφ1
(
1− 3α
M3a2
Hφ˙
)
− α
M3a2
φ˙2Φ1
]
= −δT (φ)i(1) 0 (25)
δT
(φ)i
(1) j =
1
a2
[
α
M3a2
φ˙2 ¨δφ1 + φ˙ ˙δφ1
(
1 +
α
M3a2
(
2φ¨− 3Hφ˙
))
− a2V ′(φ)δφ1 − φ˙2Φ1
(
1 +
4α
M3a2
(
φ¨−Hφ˙
))
− α
M3a2
φ˙3Φ˙1
]
δij , (26)
where δT (φ)’s are the different perturbed components of
the energy momentum tensor of the LMG and δφ is the
perturbation in the field φ.
Let us introduce the density contrast δ which is defined
as
δ =
ρm
ρ¯m
− 1 . (27)
δ can also be expanded as δ = δ1 + (1/2)δ2 + . . . . From
now on, a bar above ρ’s and p’s denotes the corresponding
unperturbed quantities.
The perturbed equation of motion of the field is given
by(
1− 6α
M3a2
Hφ˙
)
¨δφ1 + 2
(
H− 3α
M3a2
(
Hφ¨+ φ˙H˙
))
˙δφ1
+a2V ′′(φ)δφ1 −
(
1− 2α
M3a2
(φ¨+Hφ˙)
)
∇2δφ1
−φ˙
(
1− 9α
M3a2
Hφ˙
)
Φ˙1 + 2
[(
V ′(φ) +
β
MPl
ρm
)
a2
− 3αφ˙
M3a2
(
2Hφ¨+ φ˙H˙
)]
Φ1 +
α
M3a2
φ˙2∇2Φ1
+
3α
M3a2
φ˙2Ψ¨1 − 3φ˙
(
1− 3α
M3a2
(2φ¨+ 3Hφ˙)
)
Ψ˙1
= − β
MPl
a2δ1ρ¯m − β
′(φ)
MPl
a2ρ¯mδφ1 (28)
5From the off diagonal part of the ij components of the
perturbed Einstein’s tensor (see Appendix A) and the
energy momentum tensor we can have
Φ1 = Ψ1 . (29)
So at the linear level, in the scenario under consideration,
there is no gravitational slip.
From the continuity equation and at the linear level
we obtain
δ˙1 − 3Ψ˙1 −∇2υ1 = β(φ)
MPl
˙δφ1 +
β′(φ)
MPl
φ˙δφ1 , (30)
υ˙1 +
(
H+ β(φ)
MPl
φ˙
)
υ1 − Φ1 = β(φ)
MPl
δφ1 . (31)
Here we have introduced the velocity potential υ which
is defined as υi = −∂iυ and υ = υ1 + (1/2)υ2 (for linear
perturbation υ2 = 0).
In subhorizon (k2 ≫ H2) and quasistatic (|φ¨| .
H|φ˙| ≪ k2|φ|) approximations, from Eqs. (30) and (31)
we get [54] (perturbed quantities in subhorizon and qua-
sistatic approximations for linear perturbation are given
in Appendix A)
δ¨1 +
(
H + β(φ)
MPl
φ˙
)
δ˙1 − 4πGeffa2ρ¯mδ1 = 0 , (32)
where
Geff = G
(
1 +
(Q+ 2β(φ))
2
2P −Q2
)
, (33)
P = 1− 2α
M3a2
(
φ¨+Hφ˙
)
, (34)
Q =
α
M3a2MPl
φ˙2 . (35)
Eq. (32) defers from the standard form (for ΛCDM) of the
evolution equation for the density contrast in the second
and third terms of the left hand side and can be regained
by putting β(φ) = α = 0. Modification of gravity is
encoded in the effective Newton’s constant Geff . Here
one should note that the modification of gravity can also
be seen in the evolution of the Hubble parameter and
that can give a different growth history of cosmological
perturbation even if the the Newton’s constant is not
modified.
The solution of Eq. (32) can be written as the linear
superposition of two independent solutions
δ1(τ,~k) = c+D+(τ)δ1(~k, 0) + c−D−(τ)δ1(~k, 0) , (36)
where c+ and c− are the constants, D+ and D− are the
growing and decaying modes respectively and δ1(~k, 0) is
the primordial density fluctuation.
In Fig. 2 we have shown the evolution of the growing
mode (D+(z)) by solving Eq. (32) numerically. Both the
figures are normalized to Einstein-de Sitter (E-dS) Uni-
verse but at different times. While the upper figure of
Fig. 2 is normalized at present the lower figure of Fig. 2
is normalized in the past. We can see that while we
change the normalization the relative positions of differ-
ent curves for different β change. This same change we
can also observe in the power spectrum for two different
normalizations.
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FIG. 2. Evolution of the growing modeD+(z) is shown for two
different normalization for the potential (17) with µ1 = 20,
µ2 = 0.1. In the upper figure we have normalized D+(z) at
present while in the lower figure it is normalized in the past.
In both the figures blue (dotted), red (dashed), green (dot-
dashed) and black (solid) lines represent curves corresponding
to β = 0, 0.1, 0.2 and ΛCDM respectively. D+(z)/a = 1 for
E-dS Universe.
Next we shall find out the integral solutions for the
growing and decaying modes for the scenario (1).
1. Growing and decaying modes: Integral solutions
To calculate the growing and decaying modes we
need to specify the form of β(φ) and for simplicity, in
this work, we consider a constant β(φ) i.e., β(φ) =
constant = β. Now let us consider the following trans-
formation
a˜ = a eβφ/MPl , (37)
6which rewrites Eq. (32) as
δ¨1 + H˜δ˙1 − 4πG˜eff a˜2ρ¯mδ1 = 0 , (38)
where
H˜ = 1
a˜
da˜
dτ
= H+ β
MPl
φ˙ = Hd ln a˜
d ln a
. (39)
G˜eff = Geff e
−(2β/MPl)φ . (40)
Eq. (38) has the same form as the standard evolution
equation of the density contrast with the new scale fac-
tor (a˜), Hubble parameter (H˜) and effective Newton’s
constant (G˜eff).
To solve the Eq. (38) we shall follow the procedure
depicted in Ref. [56]. Using a˜ as a new time variable
Eq. (38) can be written as
d2δ1(a˜)
da˜2
+
(
2
a˜
+
1
H˜
dH˜
da˜
)
dδ1(a˜)
da˜
−A(a˜)δ1(a˜) = 0 , (41)
where
A(a˜) = 4πG˜eff
ρ¯m
H˜2 . (42)
Solution of the Eq. (41) is given in the Appendix B.
The growing mode, D+(a˜), can be related to D1(a˜)
(Eq. (B12)) and decaying mode, D−(a˜), can be related
to the combination of D1(a˜) and D2(a˜) (Eq. (B12) and
(B13)) and are given by
D+(a˜) = a˜
7/4
m e
−3βφm/4MPl
(A(φm)
A(φ0)
)1/2
D1(a˜)
= a˜7/4m e
−3βφm/4MPl
(A(φm)
A(φ0)
)1/2
γ(a˜)
a˜
√
H˜0
H˜ , (43)
D−(a˜) = a˜
−3/4
m e
7βφm/4MPl
(A(φm)
A(φ0)
)1/2
γ(a˜)
a˜
√
H˜0
H˜
×
[
1− 5
2
1
a˜mA(φm)
∫ a˜
a˜m
da˜′
γ2(a˜′)
]
. (44)
where γ(a˜) and A(φ) are defined in the Eqs. (B11) and
(B17) respectively. Fig. 3 compares the evolution of the
integral solution of the growing mode (43) with the one
obtained from the evolution equation of the density con-
trast (32). Red (solid) line represents Eq. (43) and blue
(dashed) line represents the solution of the Eq. (32) and
it is clear that the integral solution of the growing mode
has the same evolution as the solution of Eq. (32).
B. Second order perturbation
In this subsection we proceed to the second order per-
turbation which allows us to analyze the scenario in a
mildly nonlinear regime. In second order perturbation
we get two kind of terms, one is linear in the second or-
der perturbations (e.g., Ψ2, Φ2 etc.) and the second one
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1
(z
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)
FIG. 3. Red (solid) line represents the numerical evolution
of the growing mode (43) and the dashed (blue) line is the
solution of the Eq. (32) for the potential (17) with µ1 = 20,
µ2 = 0.1 and β = 0.1.
is quadratic terms of the linear perturbations (e.g., Ψ21,
Ψ1Φ1 etc.). Structures of the perturbation equations are
same as the linear case except for the quadratic terms of
the first order perturbations.
Second order perturbation of the matter continuity
equation gives
δ˙2 − 3Ψ˙2 −∇2υ2 − β(φ)
MPl
˙δφ2 − β
′(φ)
MPl
φ˙δφ2 = S1, (45)
∂i
(
υ˙2 +
(
H+ β(φ)
MPl
φ˙
)
υ2 − Φ2 − β(φ)
MPl
δφ2
)
= S2, (46)
where
S1 = 2(3Ψ˙1 +∇2υ1)δ1 + 2∇2υ1Φ1
−2
(
H+ β(φ)
MPl
φ˙
)
∂iυ1∂
iυ1 − 4∂iυ˙1∂iυ1
+2∂iδ1∂
iυ1 + 4∂iυ1∂
iΦ1 − 6∂iυ1∂iΨ1 + 12Ψ1Ψ˙1
+2
β(φ)
MPl
δ1 ˙δφ1 + 2
β′(φ)
MPl
(
δφ1 ˙δφ1 + φ˙δ1δφ1
)
+
β′′(φ)
MPl
φ˙δφ21 , (47)
S2 = 2
(
−δ˙1 + 5Ψ˙1
)
∂iυ1 + 2∂j
(
∂iυ1∂
jυ1
)
−2 (δ1 − Φ1 − 2Ψ1) ∂i
((
H+ β(φ)
MPl
φ˙
)
υ1 + υ˙1
)
+2(δ1 − 2Φ1)∂iΦ1 + 2β(φ)
MPl
δ1∂iδφ1
+2
β′(φ)
MPl
δφ1∂iδφ1 . (48)
The evolution equation of the second order density con-
trast has the following form
δ¨2 +
(
H+ β
MPl
φ˙
)
δ˙2 − 4πGeffa2ρ¯mδ2 = Sδ , (49)
7where Sδ contains the terms quadratic in the first order
perturbations and given by
Sδ = S˙1 +
(
H+ β
MPl
φ˙
)
S1 + ∂iS2
− Q+ 2β
MPl (2P −Q2)Seom −
(P + βQ) a2
2P −Q2 Sδ1 , (50)
where
Sδ1 =
1
M2Pl
ST00 + SG00 − 1
M2Pl
STii − SGii
− 4
M2Pl
(ρ¯m + ρ¯φ + p¯φ)∂iυ1∂
iυ1 . (51)
SG00, SGii (= SGij with i = j), ST00, STii (= STij with
i = j) and Seom are defined in the Eq. (C4), (C6), (C11),
(C15) and (C17) in the Appendix C where the second
order perturbation terms are written along with the sub-
horizon approximation.
Fourier transform of the source term (50) gives
Sˆδ(τ,~k) =
∫
d3k1d
3k2δ
(3)(~k − ~k1 − ~k2)K(τ,~k1, ~k2)
×δ1(τ,~k1)δ1(τ,~k2) , (52)
where δ(3)(. . . ) is the three dimensional Dirac delta func-
tion and K(τ,~k1, ~k2) is the symmetrized kernel. To cal-
culate the expression of K(τ,~k1, ~k2) we shall consider
constant β. Now using the results of linear perturba-
tion in subhorizon approximation the symmetrized kernel
K(τ,~k1, ~k2) is given by
K(τ,~k1, ~k2) =
{
2Ξ2 +
(
1 +
(Q + 2β)2
2P −Q2
)
ρ¯ma
2
M2Pl
− 2α
M3
(
Q+ 2β
2P −Q2
)3
ρ¯2ma
2
M3Pl
}
+
{
2Ξ2 +
1
2
(
1 +
(Q+ 2β)2
2P −Q2
)
ρ¯ma
2
M2Pl
}
×
~k1 · ~k2(k21 + k22)
k21k
2
2
+
{
2Ξ2 +
2α
M3
(
Q + 2β
2P −Q2
)3
ρ¯2ma
2
M3Pl
}
(~k1 · ~k2)2
k21k
2
2
+
{
2( ˙˜H + H˜2)Ξ2 + 4H˜(2r + F )Ξ
+4sΞ+ 4rF + 8ΞG+ 4F 2 − α
M3a2MPl
Q + 2β
2P −Q2
(
8HWN − 4N2 + 8φ˙FN − 8φ˙2F 2 + 2H˙W 2
−8φ˙GW − 4(φ¨+ 2Hφ˙)FW
)
− P + βQ
2P −Q2
(
8F 2 − 2α
M3a2M2Pl
(φ¨ − 2Hφ˙)W 2 − 8α
M3a2M2Pl
φ˙WN
+
4
M2Pl
(ρ¯m + ρ¯φ + p¯φ)Ξ
2
)}~k1 · ~k2
k21k
2
2
+
{
3J + 9ΞG+ 4rF +
β
MPl
(L+ ΞN) + H˜
(
3G+ 4ΞF +
β
MPl
N
)
+2F 2 − 2α
M3a2M2Pl
P + βQ
2P −Q2 φ˙WN +
2
MPl
Q+ 2β
2P −Q2
((
1− 4α
M3a2
(φ¨+Hφ˙)
)
FW
− α
M3a2
(
F 2 − (L+HN)W − φ˙NF + 3φ˙GW
))}(
1
k21
+
1
k22
)
+
{
12(G2 + FJ) + 12H˜FG
− Q+ 2β
2P −Q2
1
MPl
(
4
(
1− 12α
M3a2
Hφ˙
)
FL+
(
8− 12α
M3a2
(φ¨ + 6Hφ˙)
)
GN − a2V ′′′(φ)W 2
+8
(
H− 6α
M3a2
(Hφ¨+ H˙φ˙)
)
FN − 4φ˙
(
2− 6α
M3a2
(φ¨+ 6Hφ˙)
)
FG+ 8
((
V ′(φ) +
β
MPl
ρ¯m
)
a2
+
6α
M3a2
φ˙(2Hφ¨+ H˙φ˙)
)
F 2 +
α
M3a2
(
12φ˙2(FJ + 2G2) + 12HNL+ 6H˙N2 − 12φ˙GL− 12φ˙NJ
))
+
P + βQ
2P −Q2
(
48(H˙F +HG)F + 1
M2Pl
((
1− 18α
M3a2
Hφ˙
)(
N2 − 4φ˙(NF − φ˙F 2)
)
+ a2V ′′(φ)W 2
+
12α
M3a2
φ˙(N − 2φ˙F )L+ 3
(
1 +
2α
M3a2
(φ¨− 3Hφ˙)
)
N2 − 4φ˙
(
1 +
2α
M3a2
(2φ¨− 3Hφ˙)
)
FN
+4φ˙2
(
1 +
6α
M3a2
(φ¨−Hφ˙)
)
F 2 − a2V ′′(φ)W 2
))}
1
k21k
2
2
(53)
The functions Ξ, r and s relate first, second and third derivatives of δ1 with δ1 respectively. Similarly the func-
8tions F , G and J relate Φ1, Φ˙1 and Φ¨1 (or Ψ1 and its
derivatives) with δ1 respectively and functionsW , N and
L relate δφ1, ˙δφ1 and ¨δφ1 with δ1. Explicit form of the
above mentioned functions are given below
Ξ =
γ˙
γ
− H˜ − 1
2
˙˜H
H˜ , (54)
r = Ξ˙ + Ξ2 , (55)
s = r˙ + rΞ . (56)
F = − P + βQ
2P −Q2
ρ¯ma
2
M2Pl
, (57)
G = F˙ + ΞF , (58)
J = G˙+ ΞG . (59)
W = − Q+ 2β
2P −Q2
ρ¯ma
2
MPl
, (60)
N = W˙ + ΞW , (61)
L = N˙ + ΞN . (62)
Homogeneous part of the inhomogeneous linear second
order differential equation (ILDE) (49) is similar as the
Eq. (32). So the solution of the homogeneous part of the
ILDE (49) will have the same form as that of the solutions
of Eq. (32). The general solution of the ILDE (49) can
be written by calculating the Wronskian and is given by
δ2(a˜, ~k) = D+(a˜)δ2(~k)−D+(a˜)
∫ a˜
a˜m
D−(a˜
′)Sˆδ(a˜
′, ~k)
a˜′2H˜2(a˜′)Wr(a˜′)
da˜′
+D−(a˜)
∫ a˜
a˜m
D+(a˜
′)Sˆδ(a˜
′, ~k)
a˜′2H˜2(a˜′)Wr(a˜′)
da˜′ , (63)
where δ2(~k) is the initial second order matter perturba-
tion and Wr is the Wronskian which is given by
Wr(a˜) = D+(a˜)
dD−(a˜)
da˜
−D−(a˜)dD+(a˜)
da˜
= −5
2
H0
a˜2H˜e
βφm/MPl . (64)
So the density contrast is given by
δ(a˜, ~k) = δ1(a˜, ~k) +
1
2
δ2(a˜, ~k)
= D+(a˜)δ1(~k) +
∫
d3k1d
3k2δ
(3)(~k − ~k1 − ~k2)
×F2(a˜, ~k1, ~k2)δ1(a˜, ~k1)δ1(a˜, ~k2) , (65)
where
F2(a˜, ~k1, ~k2) =
∫ a˜
a˜m
da˜′
D(a˜, a˜′)K(a˜′, ~k1, ~k2)
2a˜′2H˜2(a˜′)Wr(a˜′)
, (66)
D(a˜, a˜′) = D
2
+(a˜
′)
D2+(a˜)
(
D−(a˜)D+(a˜
′)
−D+(a˜)D−(a˜′)
)
. (67)
In the limit of β = 0, Ωm = 1 and Ωφ = 0 the kernel F2
reduces to the standard form of F2 in the E-dS Universe
[91]. Here we should mention that in the subhorizon
approximation the first three curly bracketed terms of
Eq. (53) dominate over the other terms.
V. POWER SPECTRUM AND BISPECTRUM
Power spectrum is the Fourier transform of the two
point correlation function. It is one the important statis-
tical quantities to describe the matter perturbation. The
matter power spectrum P(τ, k) is defined as〈
δ(τ,~k)δ(τ,~k′)
〉
= δ(3)(~k + ~k′)P(τ, k) , (68)
where
〈
. . .
〉
represents the ensemble average. Depen-
dence of P(τ, k) only on the values of ~k and not on the
vector ~k is a consequence of the assumption of statistical
homogeneity and isotropy of the initial fluctuations.
Considering the growing mode solution of Eq. (32) the
power spectrum can be written as [99, 100]
P(τ, k) ∝ A2H
∣∣∣D+(a˜)∣∣∣2T 2(k)
(
k
H0
)ns
, (69)
where AH is a normalization factor which can be fixed
folowing the procedure discussed below and ns is the
spectral index of scalar perturbation during inflation.
D+(a˜) is given in the Eq. (43) and T (k) is the trans-
fer function [101] which relates the primordial curva-
ture perturbation with the comoving matter perturba-
tion. We use the Eisenstein-Hu fitting formula for the
transfer function [101].
Power spectrum defined in Eq. (69) has a dimension.
One can also define the dimensionless power spectrum
∆2(τ, k) =
k3
2π2
P(τ, k) . (70)
The rms amplitude of mass fluctuations σ is given by
σ2R =
∫
∞
0
dk
k2
2π2
P(τ, k)
∣∣Wwin(kR)∣∣2 , (71)
where Wwin(kR) is the window function of size R with
which we define a smoothed density field
δ(~x;R) =
∫
δ(~x′)Wwin(~x− ~x′;R)d3x′ . (72)
Since the above relation is a convolution the Fourier
transform of the smoothed density field is a product of
δ(~k) andWwin(kR). We choose spherical top-hat window
function which is given by
Wwin(kR) =
3
(kR)3
(
sin(kR)− kR cos(kR)
)
, (73)
9The smoothing scale at which σR ∼ 1 represents the
scale at which the linear perturbation theory breaks
and nonlinear effects become important. In this regard
R = 8 h−1Mpc is a relevant scale and from Planck 2015
results we have, at present (z = 0), σ8 = 0.8159± 0086
[3]. Using this best fit value of σ8 we fix the normalization
factor AH of the power spectrum (69). The evolution of
σ8(z) can be represented by the growth function D+(z)
as follows
σ8(z) = σ8(0)
D+(z)
D+(0)
. (74)
To fix the normalization we fix the value of σ8(z), calcu-
lated in the scenario under consideration, same as in the
ΛCDM model at high redshift using the above equation
and the fact that σ8(z = 0) = 0.8159 for ΛCDM case.
In Fig. 4 the nature of the power spectrum has been
shown at redshifts 0 and 1 for different values of β. Since
we have normalized the σ8 at high redshift the nature
of the power spectrum at z = 0 changes for different β
unlike the case where the normalization is fixed at z =
0. In Fig. 4 we can see that the power spectrum gets
enhanced as the values of β increase.
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FIG. 4. Matter Power spectrum at redshift z = 0 (solid lines)
and z = 1 (dashed lines) are plotted for the potential (17)
with µ1 = 20, µ2 = 0.1. Green (lower solid and dashed), red
(middle solid and dashed) and blue (top solid and dashed)
curves are for β = 0, 0.1 and 0.2 respectively. We have taken
Ωb, fractional energy density of baryon=0.04, Ωm0 = 0.3 and
ns = 0.968.
We can also define growth factor f as
f =
d lnD+
d ln a
. (75)
The product of the growth factor and σ8(z) i.e., fσ8(z) is
a observationally measurable quantity. Fig. 5 compares
the numerical evolution of fσ8(z) with observational data
of fσ8(z) for different values of β and it seems that the
larger values of β can be excluded from these data.
Another important statistical quantity is matter bis-
pectrum which is related to the three point function
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FIG. 5. fσ8(z) is plotted for the potential (17) with µ1 = 20,
µ2 = 0.1. Green (dotted), red (solid) and blue (dashed) lines
are for β = 0, 0.1 and 0.2 respectively. Dots (blue) are the
measured values of fσ8(z) with 1σ error bars. Observationally
measured values of fσ8(z) are listed in the Table I in the
Appendix D.
through a Fourier transformation. This is also important
for the mildly nonlinear evolution of the density fluctu-
ations and non-Gaussianity. Matter bispectrum is given
by the relation〈
δ(τ,~k)δ(τ,~k′)δ(τ,~k′′)
〉
= δ(3)(~k + ~k′ + ~k′′)B(τ, k, k′),(76)
where
B(τ, k, k′) = 2F2(~k,~k′)P(k)P(k′) + cyc . (77)
It is more convenient to use the reduced bispectrum Q
defined as
Q = B(τ, k, k
′)
P(τ, k)P(τ, k′) + P(τ, k′)P(τ, k′′) + . . . , (78)
because it is scale and time independent to lowest order
in nonlinear perturbation theory. Fig. 6 shows the the
nature of reduced bispectrum at z = 0 and compares
with that of the ΛCDM case. We can see that there is not
much difference between different curves of the reduced
bispectrum. So the effect of the conformal coupling β on
the reduced bispectrum is insignificant.
VI. SUMMARY AND CONCLUSION
In this work we studied the LMG scenario [54, 55] at
both background and perturbation level. LMG has cu-
bic Galileon action with potential. Potential is added
phenomenologically and responsible for the late time ac-
celeration in this scenario. In the current study we have
considered potentials which can lead to tracker behavior
of the scalar field. In this regard we considered poten-
tials (17) and (18). These potentials can lead to similar
dynamics and we considered the potential (17) for the
numerical purpose.
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FIG. 6. Considering the potential (17) with µ1 = 20 and
µ2 = 0.1 reduced bispectrum, as a function of the angle θ, at
z = 0, is shown for k = k′ = 0.01 hMpc−1 (upper figure) and
5k = k′ = 0.05 hMpc−1 (lower figure). In both the figure the
brown (dashed), green (dotted) and red (solid) lines represent
the bispectrum for β = 0, 0.5 and ΛCDM respectively.
At the perturbation level we have studied up to second
order perturbation. The linear perturbation of LMG in
subhorizon approximation was studied in Ref. [54]. In
this work we have calculated the integral solution of the
growing and decaying modes in subhorizon approxima-
tion by generalizing some results of Ref. [56] for confor-
mal coupling and any potential. Here we have considered
exponential form of the conformal factor with conformal
coupling constant β and have studied the effect of β at the
perturbation level. It is found that a simple transforma-
tion (37) reduces the modified evolution equation of the
density contrast (32) to the standard form (38) with H
replaced by H˜ defined in Eq. (39) and the Newton’s con-
stant, G, replaced by G˜eff defined in Eq. (40). Eq. (38) is
very useful to calculate the integral solutions of growing
and decaying modes i.e., Eqs. (43) and (44) (for details of
this calculation see Appendix B). The evolution equation
for the second order density contrast (Eq. (49)) is same
as the first order except one source term Sδ (Eq. (50)).
The solution of Eq. (49) can be written in terms of the
first order growing and decaying modes (Eq. (63)). The
kernel of the second order perturbation, F2, is also writ-
ten with the help of growing and decaying modes which
reduces to the E-dS kernel at some limit.
Next we investigated matter power spectrum and bis-
pectrum. The power spectrum is normalized in the past
by considering the best fit value of σ8(z) at present from
the current observation [3], i.e., σ8(z = 0) = 0.8159 for
ΛCDM. The power spectrum changes for different β. As
β increases power spectrum gets enhanced (see Fig. 4).
So the study of the power spectrum can tell us about the
allowed values of β. We used RSD data to compare the
effects of different values of β by calculating fσ8(z). The
comparison is depicted in Fig. 5, from which we can see
that as we increase the values of β it is more probable
for the β to be excluded by the RSD data. Finally we
studied the matter bispectrum. The reduced bispectrum,
for two different combinations of k and k′, is plotted in
Fig. 6 and the dependence on β is very small. In this
study we did not do the full statistical analysis to obtain
the bound on β, which we expect to do in future.
In summary, in this paper, we studied the effect of the
conformal coupling at the perturbation level in a tracker
scalar field model with a cubic Galileon correction term.
Here we should mention that the effects we can observe
in Figs. 4 and 5 are from both the conformal coupling and
the cubic Galileon term. This means that if we put α = 0,
i.e., without cubic Galileon term, the standard tracker
scalar field may not exactly reproduce the same effect
with different values of β. In other words, for the same β
the scenario under consideration has different effects than
the standard tracker scalar field. But these effects are not
significant and within the 1σ error bars of fσ8 data. In
future, if we get more precise data then it may be possible
to distinguish between the LMG and the standard tracker
scalar field.
ACKNOWLEDGMENTS
The author thanks Emilio Bellini, Antonio De Felice,
Bikash R. Dinda, Jinn-Ouk Gong, Aseem Paranjape and
Mohammad Sami for useful discussions. The comments
on the manuscript by Jinn-Ouk Gong and Mohammad
Sami are gratefully acknowledged.
Appendix A: First order perturbation and
subhorizon approximation
First order perturbation of Einstein tensor gives,
δG 0(1)0 =
2
a2
(
3H(HΦ1 + Ψ˙1)−∇2Ψ1
)
, (A1)
δG 0(1)i =−
2
a2
∂i
(
Ψ˙1 +HΦ1
)
= −δG i(1)0 , (A2)
11
δG i(1)j =
1
a2
(
2Ψ¨1 + 2HΦ˙1 + 4HΨ˙1 + 2(2H˙+H2)Φ1
+∇2(Φ1 −Ψ1)
)
δij −
1
a2
∂i∂j(Φ1 − Ψ1) . (A3)
In subhorizon approximation and for the linear pertur-
bation
2k2Ψ1
a2
≈ − 1
M2Pl
(
δ1ρ¯m + δρ
(1)
φ
)
, (A4)
δρ
(1)
φ ≈ −MPlQ
k2δφ1
a2
, (A5)
δp
(1)
φ ≈ 0 , (A6)
k2Φ1
a2
≈ − P + βQ
M2Pl(2P −Q2)
δ1ρ¯m =
k2Ψ1
a2
, (A7)
k2δφ1
a2
≈ − Q + 2β
MPl(2P −Q2)δ1ρ¯m . (A8)
Appendix B: Integral solutions
Let us define a function u(a˜) such as
δ1(a˜) =
u(a˜)
a˜
√
H˜0
H˜ . (B1)
In terms of u(a˜) Eq. (41) can be written as
d2u(a˜)
da˜2
− I(a˜)u(a˜) = 0 , (B2)
where
I(a˜) = A(a˜)+
1
a˜H˜
dH˜
da˜
− 1
4H˜2
(
dH˜
da˜
)2
+
1
2H˜
d2H˜
da˜2
. (B3)
Now consider the following differential equation
d2y(a˜)
da˜2
+
d
da˜
(
y(a˜)g(a˜)
)
= 0 . (B4)
Using the transformation
Y (a˜) = y(a˜)e
1
2
∫
a˜
a˜m
da˜′g(a˜′) , (B5)
with a˜m as an initial value of a˜, we can have
d2Y (a˜)
da˜2
+
1
2
(
dg
da˜
− 1
2
g2(a˜)
)
Y (a˜) = 0 . (B6)
Now, g(a˜) can be a solution of
dg(a˜)
da˜
− 1
2
g2(a˜) + 2I(a˜) = 0 , (B7)
which makes the Eq. (B2) and (B6) same and we can
write
u(a˜) = y(a˜)e
1
2
∫
a˜
a˜m
da˜′g(a˜′) , (B8)
and
δ1(a˜) =
y(a˜)
a˜
√
H˜0
H˜ e
1
2
∫
a˜
a˜m
da˜′g(a˜′) . (B9)
Now solving Eq. (B4) we obtain [56]
y(a˜) = γ2(a˜)
(
κ1 + κ2
∫ a˜
a˜m
da˜′
γ2(a˜′)
)
, (B10)
where
γ2(a˜) = e−
∫
a˜
a˜m
da˜′g(a˜′) . (B11)
Now putting the value of y(a˜) in Eq. (B9) we get two
independent solutions
D1(a˜) =
γ(a˜)
a˜
√
H˜0
H˜ , (B12)
D2(a˜) =
γ(a˜)
a˜
√
H˜0
H˜
∫ a˜
a˜m
da˜′
γ2(a˜′)
, (B13)
of
δ1(a˜) = κ1D1(a˜) + κ2D2(a˜) . (B14)
To Calculate the growing and decaying modes we shall
consider the conventional normalization where we take
D+(a) ∼ a and D−(a) ∼ H/a ∼ a−3/2 during the mat-
ter dominated era where the effect of the dark energy
is negligible. During matter domination if we impose
D1(a) = D+(a) = a, then we obtain
g(a˜) =
1
a˜
[
− 7
2
+
β
MPl
1
A(φ)
(
3
2
dφ
d ln a
− 1A(φ)
d2φ
d ln a2
)]
. (B15)
γ(a˜) =
(
a˜
a˜m
)7/4
e
−
3β(φ−φm)
4MPl
( A(φ)
A(φm)
)1/2
, (B16)
A(φ) = d ln a˜
d ln a
= 1 +
β
MPl
dφ
d ln a
, (B17)
where a˜m is the value of a˜ at some initial time τm (or
am) during the matter domination and φm = φ(τm).
Eq. (B15) sets the initial condition for the Eq. (B7)
during the matter dominated era. The minimal case
i.e., β = 0 gives a˜ = a and g(a) = −7/(2a) and
γ(a) = (a/am)
7/4[56].
Now to normalize the decaying mode we need to per-
form the integration
∫ a˜
a˜m
da˜′/γ2(a˜′) during the matter
dominated era. To do this we shall consider an approxi-
mation. Since during matter domination the scalar field
is subdominant we consider the value of the term eβφ/MPl
close to eβφm/MPl . Considering this approximation we ob-
tain∫ a˜
a˜m
da˜′
γ2(a˜′)
= a˜7/2m e
−3βφm/(2MPl)A(φm)
∫ a
am
da′
a′7/2eβφ/MPl
= −2
5
a˜7/2m e
−5βφm/(2MPl)A(φm)
×
(
a−5/2 − a−5/2m
)
. (B18)
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Final forms, with normalization, of the growing and de-
caying modes are given in Eqs. (43) and (44) respectively.
Appendix C: Second order perturbation and
subhorizon approximation
In second order perturbation in addition to the linear
terms of second order perturbation there will be nonlin-
ear terms consists of products of two first order perturba-
tion terms. Second order perturbation of Einstein tensor
gives
δG 0(2)0 =
2
a2
(
3H(HΦ2 + Ψ˙2)−∇2Ψ2
)
− SG00 , (C1)
δG 0(2)i =−
2
a2
∂i
(
Ψ˙2 +HΦ2
)
− SG0i , (C2)
δG i(2)j =
1
a2
(
2Ψ¨2 + 2HΦ˙2 + 4HΨ˙2 + 2(2H˙+H2)Φ2
+∇2(Φ2 −Ψ2)
)
δij −
1
a2
∂i∂j(Φ2 −Ψ2)
− SGij , (C3)
where,
SG00 =
2
a2
(
3Ψ˙21 + 12H(Φ1 −Ψ1)Ψ˙1 + 3∂iΨ1∂iΨ1
+12H2Φ21 + 8Ψ1∇2Ψ1
)
, (C4)
SG0i = − 4
a2
{
∂i
(
(Φ1 − 2Ψ1)Ψ˙1
)
+Φ1∂i
(
Ψ˙1
+4HΦ1
)}
, (C5)
SGij =
2
a2
[{
2(Φ1 −Ψ1)∇2Φ1 + 4Ψ1∇2Ψ1 + 4
(
2H˙
+H2)Φ21 + 8H(Φ1 −Ψ1)Ψ˙1 + 2(Ψ˙1 + 4HΦ1)Φ˙1
+4(Φ1 −Ψ1)Ψ¨1 − Ψ˙21 + ∂kΦ1∂kΦ1
+2∂kΨ1∂
kΨ1
}
δij − 2(Φ1 −Ψ1)∂i∂jΦ1
+∂iΦ1∂jΨ1 + ∂
iΨ1∂jΦ1 − ∂iΦ1∂jΦ1
−4Ψ1∂i∂jΨ1 − 3∂iΨ1∂jΨ1
]
. (C6)
Second order terms of a perturbed general energy mo-
mentum tensor (Tµν) are
δT 0(2)0 = −δρ2 − 2(ρ¯+ p¯)∂iυ1∂iυ1 , (C7)
δT 0(2)i = −(ρ¯+ p¯)∂iυ2 − 2(δρ1 + δp1)∂1υ1
+2(ρ¯+ p¯)(Φ1 + 2Ψ1)∂iυ1 , (C8)
δT i(2)j = δp2δ
i
j + 2(ρ¯+ p¯)∂
iυ1∂jυ1 , (C9)
where ρ¯ and p¯ are the background energy density and
pressure.
Second order perturbation of the energy momentum
tensor of LMG gives
δT
(φ)0
(2) 0 = −
1
a2
[
φ˙
(
1− 9α
M3a2
Hφ˙
)
˙δφ2 + a
2V ′(φ)δφ2 +
φ˙2α
a2M3
∇2δφ2 − φ˙2
(
1− 12α
M3a2
Hφ˙
)
Φ2 +
3α
M3a2
φ˙3Ψ˙2
]
+ST00 , (C10)
ST00 = − 1
a2
[(
˙δφ1
2 − 4φ˙
(
˙δφ1 − Φ1φ˙
)
Φ1
)(
1− 18α
M3a2
Hφ˙
)
+ ∂iδφ1∂
iδφ1
(
1 +
2α
M3a2
Hφ˙
)
+ a2V ′′(φ)δφ21
+
α
M3a2
{
4φ˙
(
˙δφ1 − φ˙(Φ1 −Ψ1)
)
∇2δφ1 + 6φ˙2Ψ˙1
(
3 ˙δφ1 − 2φ˙(2Φ1 −Ψ1)
)
− 2φ˙2∂iδφ1∂iΨ1
}]
; (C11)
δT
(φ)0
(2) i = −
φ˙
a2
∂i
[
α
M3a2
φ˙ ˙δφ2 + δφ2
(
1− 3α
M3a2
Hφ˙
)
− α
M3a2
φ˙2Φ2
]
+ ST0i , (C12)
ST0i =
2
a2
[(
2φ˙Φ1 − ˙δφ1
)
∂iδφ1 +
α
M3a2
{
φ˙
(
2φ˙Φ1 − ˙δφ1
)(
2∂i ˙δφ1 − 3φ˙∂iΦ1
)
+ φ˙
(
6H
(
˙δφ1 − φ˙Φ1
)
− 3φ˙Ψ˙1
−∇2δφ1 + ∂i∂iδφ1
)
∂iδΦ1 + φ˙
(
∂i∂
jδφ1∂jδφ1 + ∂i∂
kδφ1∂kδφ1
)}]
; (C13)
δT
(φ)i
(2) j =
1
a2
[
α
M3a2
φ˙2 ¨δφ2 + φ˙ ˙δφ2
(
1 +
α
M3a2
(
2φ¨− 3Hφ˙
))
− a2V ′(φ)δφ2 − φ˙2Φ2
(
1 +
4α
M3a2
(
φ¨−Hφ˙
))
13
− α
M3a2
φ˙3Φ˙2
]
δij + STij , (C14)
STij =
1
a2
[
4α
M3a2
φ˙
(
˙δφ1 − 2φ˙Φ1
)
¨δφ1 +
{(
1 +
2α
M3a2
(
φ¨− 3Hφ˙
))
˙δφ1 − 6α
M3a2
φ˙2Φ˙1
−4φ˙
(
1− 2α
M3a2
(
3Hφ˙− 2φ¨
))
Φ1
}
˙δφ1 − 1
3
(
1 +
2α
M3a2
(
φ¨−Hφ˙
))
∂iδφ1∂
iδφ1 − 8α
3M3a2
φ˙∂iδφ1∂
iδφ˙1
+
2α
3M3a2
φ˙2∂iδφ1∂
iΦ1 + 4φ˙
2
(
1 +
6α
M3a2
(
φ¨−Hφ˙
))
Φ21 +
12α
M3a2
φ˙3Φ1Φ˙1 − a2V ′′(φ)δφ21
]
δij . (C15)
Second order perturbation of the LMG field’s equation of motion reads(
1− 6α
M3a2
Hφ˙
)
¨δφ2 + 2
(
H− 3α
M3a2
(
Hφ¨+ φ˙H˙
))
˙δφ2 + a
2V ′′(φ)δφ2 −
(
1− 2α
M3a2
(φ¨ +Hφ˙)
)
∇2δφ2
−φ˙
(
1− 9α
M3a2
Hφ˙
)
Φ˙2 + 2
[(
V ′(φ) +
β
MPl
ρm
)
a2 − 3αφ˙
M3a2
(
2Hφ¨+ φ˙H˙
) ]
Φ2 +
α
M3a2
φ˙2∇2Φ2 + 3α
M3a2
φ˙2Ψ¨2
−3φ˙
(
1− 3α
M3a2
(2φ¨+ 3Hφ˙)
)
Ψ˙2 = −
(
β(φ)
MPl
δ2 +
β′(φ)
MPl
δφ2
)
a2ρ¯m + Seom , (C16)
Seom = 4
(
1− 12α
M3a2
Hφ˙
)
Φ1 ¨δφ1 + 2
(
1− 18α
M3a2
Hφ˙
)
Φ˙1 ˙δφ1 + 8
(
H− 6α
M3a2
(H˙φ˙+Hφ¨)
)
Φ1 ˙δφ1
+6
(
1− 2α
M3a2
(3Hφ˙+ φ¨)
)
Ψ˙1 ˙δφ1 + 4
(
1− 2α
M3a2
(Hφ˙+ φ¨)
)
Ψ1∇2δφ1 − 4φ˙
(
2− 27α
M3a2
Hφ˙
)
Φ1Φ˙1
−12φ˙
(
1− 2α
M3a2
(3Hφ˙+ 2φ¨)
)
Φ1Ψ˙1 + 8
((
V ′(φ) +
β
MPl
ρ¯m
)
a2 +
6α
M3a2
φ˙(H˙φ˙+ 2Hφ¨)
)
Φ21
+12φ˙
(
1− α
M3a2
(3Hφ˙+ 2φ¨)
)
Ψ1Ψ˙1 + 2∂iδφ1∂
iΦ1 − 2∂iδφ1∂iΨ1 + α
M3a2
{
φ˙2
(
12(2Φ1 −Ψ1)Ψ¨1 + 6Ψ˙21
+18Φ˙1Ψ˙1 + 4(2Φ1 −Ψ1)∇2Φ1
)
− 8(φ¨+Hφ˙)Φ1∇2δφ1 − 4( ¨δφ1 +H ˙δφ1)∇2δφ1 + 12H ˙δφ1 ¨δφ1 + 6H˙ ˙δφ12
−4φ˙ ˙δφ1∇2Φ1 + 4φ˙(Φ˙1 + 2Ψ˙1)∇2δφ1 − 12φ˙Ψ˙1 ¨δφ1 − 12φ˙ ˙δφ1Ψ¨1 + 4∂i ˙δφ1∂i ˙δφ1 − 8H∂i ˙δφ1∂iδφ1
−8φ˙∂iΦ1∂i ˙δφ1 + 2
(∇2δφ1)2 − 2∂i∂jδφ1∂i∂jδφ1 + 6φ˙2∂iΦ1∂iΦ1 + 2φ˙2∂iΦ1∂iΨ1 − 2H˙∂iδφ1∂iδφ1
+8φ˙∂iΨ˙1∂
iδφ1 + 4Hφ˙∂iΦ1∂iδφ1 + 4Hφ˙∂iΨ1∂iδφ1 + 4φ¨∂iΨ1∂iδφ1
}
− 2β
′(φ)
MPl
a2ρ¯mδ1δφ1 −
(
V ′′′(φ)
+
β′′(φ)
MPl
ρ¯m
)
a2δφ21 . (C17)
In subhorizon approximation
2k2Ψ2
a2
≈ − 1
M2Pl
(
δ2ρ¯m + δρ
(2)
φ
+2(ρ¯m + ρ¯φ + p¯φ)∂iυ1∂
iυ1
)
, (C18)
δρ
(2)
φ ≈ −MPlQ
k2δφ2
a2
− ST00 , (C19)
δp
(2)
φ ≈ STii , (C20)
k2Φ2
a2
≈ − 1
MPl(2P −Q2)
[
P + βQ
MPl
δ2ρ¯m − Q
a2
Seom
−MPlPSδ1
]
, (C21)
k2δφ2
a2
≈ − 1
(2P −Q2)
[
Q+ 2β
MPl
δ2ρ¯m − 2
a2
Seom
−MPlQSδ1
]
. (C22)
where Sδ1 is defined in the Eq. (51).
14
TABLE I. fσ8 data.
z fσ8(z) Reference
0.02 0.360 ± 0.04 [67]
0.067 0.423 ± 0.055 [68]
0.15 0.490 ± 0.15 [69]
0.17 0.510 ± 0.06 [70, 71]
0.22 0.420 ± 0.07 [72]
0.25 0.351 ± 0.058 [73]
0.3 0.408 ± 0.0552 [74]
0.32 0.394 ± 0.062 [75]
0.35 0.440 ± 0.05 [71, 76]
0.37 0.460 ± 0.038 [73]
0.4 0.419 ± 0.041 [74]
0.41 0.450 ± 0.04 [72]
0.44 0.413 ± 0.08 [77]
0.5 0.427 ± 0.043 [74]
0.57 0.444 ± 0.038 [75]
0.59 0.488 ± 0.06 [78]
0.6 0.430 ± 0.04 [72]
0.6 0.390 ± 0.063 [79]
0.73 0.437 ± 0.072 [79]
0.77 0.490 ± 0.18 [71, 80]
0.78 0.380 ± 0.04 [72]
0.8 0.470 ± 0.08 [81]
1.36 0.482 ± 0.116 [82]
Appendix D: fσ8 data
Available data of fσ8(z) is listed in the Table I [87].
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